ABSTRACT. The purpose of this paper is to obtain some new characterizations of inner product spaces in the line of the Jordan-yon Neumann identity and to make some remarks on similar known characterizations of Day, Delbosco, Rassias and Senechalle, among others.
Let E be a real normed linear space. It is well known that E is an inner product space (i.p.s.) if and only if the "parallelogram equality" of P. Jordan holds for every x,yEE. The aim of this paper is to give an account of some characterizations of inner product spaces weaker than the one above in order to make some remarks about them and to obtain some new characterizations of the same type.
We shall use S to denote the unit sphere of E, and H(x,y) the function H(x,y) x+y I12+ x-y II-2 (llxl12+ llyll (x,yEE).
The first weakening of the Jordan-yon Neumann condition was given by M.M. Day [2] by proving that it can be restricted to unit vectors (i.e. the "rhombus equality") Eisani.p.s.
H(x,y)=O for every x,yES.
Then l.J. Schoenberg [3] proved that the rhombus equality can be replaced by the "rhombus inequality":
H(x,y)~0 for every x,yES, where denotes either > or <.
The parallelogram equality can also be changed into the "rectangle inequality" of C. Benltez and M. del Rfo [4] " E is an i.p.s.
H(x,y)~0 for every x,yEE, x_Ly, where x_Ly means "orthogonality" in the G. Sirkhoff [5] sense (i.e. llx+Ayll > llxll for every AEB).
As D. Amir pointed out [6] , implicit in the proof of the above result is that it remains valid if Birkhoff-orthogonality is replaced by any other relation R in E that likewise "admits diagonals" (i.e. such that for every x,yEE\{O} there exists a>0 such that x+cyRx--cy) [ [5, 2, 14, 15] that if dimE_>3 the symmetry of Birkhoff--orthogonality is an inner product space characteristic, and that there exist two-dimensional non inner product spaces (characterized by M.M. Day [2] ) with this property satisfied. Nevertheless, it was proved also in [4] that if E is a two-dimensional normed linear space with synaetric Brthogonality that satisfies a "square inequality" then E is an inner product space. This can be expressed in the following way" Eisani.p.s.
[x,yeS, x_y y_x and H(x,y)_<0].
However, there exist non--inner product spaces with symmetric B--orthogonality and H(x,y)_>0 for every x,yeS, x_ly (i.e. 2 endowed with a norm whose spheres are regular hexagons [4] must also satisfy Q. However, for eV there exist non--inner product spaces that satisfy Qe (i.e. if E is the vector space R2 endowed with a norm whose spheres are 4n--gons then it satisfies Qe k for =2cos -, k=l,2 n-l) [17] .
In an extensive paper J. 0man [19] [19] .
It is essential for the 0man characterization that dimE=2. If, for example, we take E to be the vector space 3 endowed with the norm whose unit ball is the set of points (xl,x.,x3) defined by the intersection of the two circular cylinders x+x<1, x+x<l, then any plane containing the origin and the point x--(0,0,1) intersects the unit sphere in an ellipse. Therefore, H(x,y)=0 for every yEE. (Similar results for dimensions greater than two can be found in [19] .
It is an open question whether one vector can also be fixed in the rhombus inequality (<).
With regard to norm inequalities of higher degree, Yang Cong-Ren [20] [20] .) D. Delbosco [21] 
